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LetASG(2ν , Fq)be the2ν-dimensional afﬁne-symplectic spaceover
the ﬁnite ﬁeld Fq and let ASp2ν(Fq) be the afﬁne-symplectic group
of degree 2ν over Fq. For any two orbits M
′ and M′′ of ﬂats under
ASp2ν(Fq), letL′ (resp.L
′′
) be the setof all ﬂatswhichare joins (resp.
intersections) of ﬂats in M′ (resp. M′′ ) such that M′′ ⊆ L′ (resp.
M′ ⊆ L′′ ) and assume the join (resp. intersection) of the empty set
ofﬂats inASG(2ν , Fq) is∅ (resp.F(2ν)q ). LetL = L′ ∩ L′′ . Byordering
L′, L′′ , L by ordinary or reverse inclusion, six lattices are obtained.
This article discusses when they form geometric lattices.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
We ﬁrst recall some terminologies and definitions about ﬁnite posets and lattices [1,2].
Let P be a poset. For a, b ∈ P, we say a covers b, denoted by b< · a, if b< a and there exists no
c ∈ P such that b< c < a. If P has the minimum (resp. maximum) element, then we denote it by 0
(resp. 1) and say that P is a poset with 0 (resp. 1). Let P be a ﬁnite poset with 0. By a rank function on
P, we mean a function r from P to the set of all the integers such that r(0) = 0 and r(a) = r(b) + 1
whenever b< · a.
A poset P is said to be a lattice if both a ∨ b:= sup{a, b} and a ∧ b:= inf{a, b} exist for any two
elements a, b ∈ P. Let P be a ﬁnite lattice with 0. By an atom in P, we mean an element in P covering
0. We say P is atomic if any element in P \ {0} is a union of atoms. A ﬁnite atomic lattice P is said to be
a geometric lattice if P admits a rank function r satisfying
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r(a ∧ b) + r(a ∨ b)≤ r(a) + r(b), ∀ a, b ∈ P.
Now we introduce the concepts of afﬁne-symplectic spaces. Notation and terminology will be
adopted fromWan’s book [10].
SupposeFq is aﬁniteﬁeldwithqelements,whereq is aprimepower. LetF
(2ν)
q be the2ν-dimensional
row vector space over Fq and let
Kl =
(
0 I(l)
−I(l) 0
)
.
The symplectic group of degree 2ν over Fq, denoted by Sp2ν(Fq), consists of all 2ν × 2ν matrices T
over Fq satisfying TKνT
T = Kν . The vector space F(2ν)q together with the right multiplication action of
Sp2ν(Fq) is called the 2ν-dimensional symplectic space over Fq. Let P be an m-dimensional subspace
of F
(2ν)
q , denote also by P an m × 2ν matrix of rank m whose rows span the subspace P and call the
matrix P a matrix representation of the subspace P. Anm-dimensional subspace P is said to be of type
(m, s) if PKνP
T is of rank 2s. It is known that subspaces of type (m, s) exist if and only if 2sm ν + s.
A coset of F
(2ν)
q relative to a subspace P of type (m, s) is called a (m, s)-ﬂat. The dimension of a ﬂat
U + x is deﬁned to be the dimension of the subspace U, denoted by dim(U + x). A ﬂat F1 is said to be
incidentwith a ﬂat F2, if F1 contains or is contained in F2. The point set F
(2ν)
q with all the ﬂats and the
incidence relation among them deﬁned above is said to be the 2ν-dimensional afﬁne-symplectic space,
which is denoted by ASG(2ν , Fq).
Let F1, F2 be two ﬂats in ASG(2ν , Fq). The set of points belonging to both F1 and F2 is called the
intersection of F1 and F2, which is denoted by F1 ∩ F2. It follows that the intersection of all ﬂats con-
taining two given ﬂats F1 and F2 is theminimum ﬂat containing both F1 and F2, which is called the join
of F1 and F2 and is denoted by F1 ∪ F2.
Proposition 1.1 [10,4]. For any two ﬂats F1 = V1 + x1 and F2 = V2 + x2 in ASG(2ν , Fq), where V1 and
V2 are subspaces of F
(2ν)
q , x1, x2 ∈ F(2ν)q . The following (i) and (ii) hold:
(i) F1 ∩ F2 /= ∅ if and only if x2 − x1 ∈ V1 + V2, and if F1 ∩ F2 /= ∅, then F1 ∩ F2 = V1 ∩ V2 + x,
where x ∈ F1 ∩ F2.
(ii) F1 ∪ F2 = (V1 + V2 + 〈x2 − x1〉) + x1, and
dimF1 + dimF2 =
{
dim(F1 ∪ F2) + dim(F1 ∩ F2), if F1 ∩ F2 /= ∅,
dim(F1 ∪ F2) + dim(V1 ∩ V2) − 1, if F1 ∩ F2 = ∅.
The set of matrices of the form(
T 0
v 1
)
,
where T ∈ Sp2ν(Fq) and v ∈ F(2ν)q , forms a group under matrix multiplication, which is denoted by
ASp2ν(Fq) and called the afﬁne-symplectic group of degree 2ν over Fq. Deﬁne the action of ASp2ν(Fq)
on ASG(2ν , Fq) as follows:
ASG(2ν , Fq) × ASp2ν(Fq) → ASG(2ν , Fq)(
x,
(
T 0
v 1
))
→ xT + v.
The above action induces an action on the set of ﬂats in ASG(2ν , Fq); i.e., a ﬂat P + x is carried by(
T 0
v 1
)
∈ ASp2ν(Fq)
538 J. Guo, J. Nan / Linear Algebra and its Applications 431 (2009) 536–542
into the ﬂat PT + (xT + v). It is known that (m, s)-ﬂats exist if and only if 2sm ν + s, and that
the set of ﬂats of the same type form an orbit under ASp2ν(Fq). Denote the orbit of (m, s)-ﬂats by
M(m, s; 2ν).
For any two orbits M(m1, s1; 2ν) and M(m2, s2; 2ν) of ﬂats under ASp2ν(Fq), let L′(m1, s1; 2ν)
(resp.L′′(m2, s2; 2ν)) be the set of all ﬂatswhich are joins (resp. intersections) of ﬂats inM(m1, s1; 2ν)
(resp.M(m2, s2; 2ν)) andM(m2, s2; 2ν) ⊆ L′(m1, s1; 2ν) (resp.M(m1, s1; 2ν) ⊆ L′′(m2, s2; 2ν)) and
assume the join (resp. intersection) of the empty set of ﬂats in ASG(2ν , Fq) is ∅ (resp. F(2ν)q ). Let
L(m1, s1;m2, s2; 2ν) = L′(m1, s1; 2ν) ∩ L′′(m2, s2; 2ν). By ordering L′(m1, s1; 2ν), L′′(m2, s2; 2ν),
L(m1, s1;m2, s2; 2ν) by ordinary or reverse inclusion, six posets are obtained, denoted by L′O(m1, s1;
2ν), L′′O(m2, s2; 2ν), LO(m1, s1;m2, s2; 2ν), or L′R(m1, s1; 2ν), L′′R(m2, s2; 2ν), LR(m1, s1;m2, s2; 2ν),
respectively. In this article, we discusses geometricity of these lattices.
The results on the lattices generated by orbits of subspaces under ﬁnite classical groups can be
found in Huo et al. [5–7], Huo and Wan [8], Gao and You [3], Orlik and Solomon [9], Wang and Feng
[11], Wang and Guo [12,13], Wang and Li [14].
2. The lattices L′O(m1, s1; 2ν) and L′R(m1, s1; 2ν)
We begin with two useful lemmas.
Lemma 2.1. Let 2sm<ν + s and m 1. Then for any subspace P of type (m + 1, s) F , there exist two
subspaces P1, P2 of type (m, s) such that P = P1 + P2.
Proof. Assume that
PKνP
T =
(
Ks
0(m+1−2s)
)
.
Write P = (PT0 , xT1 , xT2)T , where x1 and x2 are the m-th and (m + 1)-st row vectors of P, respectively.
Then P1 = (PT0 , xT1)T and P2 = (PT0 , xT1 + xT2)T are subspaces of type (m, s) such that P = P1 + P2. 
Lemma 2.2. Let 2sm ν + s, 2s1 m1  ν + s1. Then for any (m, s)-ﬂat F , there exist (m1, s1)-ﬂats
F1, F2, . . . , Fl such that F = F1 ∪ F2 ∪ · · · ∪ Fl if and only if 0 s − s1 m − m1.
Proof. Let F = Q + x be an (m, s)-ﬂat, and suppose that 0 t = s − s1 m − m1. If m1 = 0, let
v1, v2, . . . , vm be a basis ofQ , then F = x ∪ (v1 + x) ∪ · · · ∪ (vm + x) by Proposition 1.1. Now suppose
thatm1  1. Let
QKνQ
T =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
Q0
x1
y1
...
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
Kν
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
Q0
x1
y1
...
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
T
=
⎛
⎜⎜⎜⎜⎜⎜⎝
Ks1
0(m−2s1−2t)
K1
. . .
K1
⎞
⎟⎟⎟⎟⎟⎟⎠
.
ThenQ1 = (QT0 , xT1 , . . . , xTt )T andQ2 = (QT0 , yT1, . . . , yTt )T are subspaces of type (m − t, s1) such that
Q = Q1 + Q2.
Letm − t − m1 = t′. If t′ = 0, then (m − t, s1) = (m1, s1). Now suppose t′  1. For 1 i t′ − 1,
we have 2s1 m1 + i<ν + s1. By Lemma 2.1, any subspace of type (m1 + i + 1, s1) is the sum of two
subspaces of type (m1 + i, s1). By induction any subspace of type (m − t, s1) = (m1 + t′, s1) is the
sum of some subspaces of type (m1, s1). Therefore,Q is the sum of some subspaces of type (m1, s1). Let
Q = P1 + P2 + · · · + Pl , then F = F1 ∪ F2 ∪ · · · ∪ Fl by Proposition 1.1, where Fi = Pi + x, 1 i l,
as desired.
Conversely, by [10, Theorem 3.26], 0 s − s1 m − m1. 
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Theorem 2.3. For 0m1  2ν − 1, L′(m1, s1; 2ν) consists of ∅, F(2ν)q and all (m, s)-ﬂats in ASG(2ν , Fq)
satisfying 2sm ν + s and 0 s − s1 m − m1.
Proof. By Lemma 2.2, it is directed. 
Theorem 2.4. Let 0m1  2ν − 1. Then
(i) L′O(m1, s1; 2ν) is a ﬁnite atomic lattice.
(ii) L′O(m1, s1; 2ν) is a geometric lattice if and only if m1 = 0 or 2ν − 1.
Proof. (i) For any two ﬂats F1, F2 ∈ L′O(m1, s1; 2ν),
F1 ∧ F2 = ∪{F ∈ L′O(m1, s1; 2ν)|F ⊆ F1 ∩ F2},
F1 ∨ F2 = F1 ∪ F2.
Therefore, L′O(m1, s1; 2ν) is a ﬁnite lattice. Clearly, L′O(m1, s1; 2ν) is a ﬁnite atomic lattice with ∅ as
its minimal element.
For any F ∈ L′O(m1, s1; 2ν), deﬁne
r′O(F) =
{
0, if F = ∅,
dim F − m1 + 1, otherwise.
Then r′O is the rank function on L′O(m1, s1; 2ν).
(ii) Clearly, L′O(2ν − 1, ν − 1; 2ν) is a geometric lattice. Note that L′O(0, 0; 2ν) consists of ∅ and
all ﬂats in ASG(2ν , Fq). For any two ﬂats F1, F2, by Proposition 1.1 we have
r′O(F1 ∨ F2) + r′O(F1 ∧ F2)
=
{
dim(F1 ∪ F2) + dim(F1 ∩ F2) + 2, if F1 ∩ F2 /= ∅,
dim(F1 ∪ F2) + 1, otherwise,
 dim(F1) + dim(F2) + 2,
= r′O(F1) + r′O(F2).
It follows that L′O(0, 0; 2ν) is a geometric lattice.
Now suppose that 1m1  2ν − 2. If m1 = 1, by Proposition 1.1 and ν > 1, there exist two (1,0)-
ﬂats F1, F2 ∈ L′O(m1, s1; 2ν) such that dim(F1 ∪ F2) = 3 and F1 ∩ F2 = ∅. It follows that r′O(F1 ∨
F2) + r′O(F1 ∧ F2) = 3> 2 = r′O(F1) + r′O(F2). Now suppose m1 > 1. By the proof of [8, Theorem 8],
we may pick two subspaces U and W of type (m1, s1) such that dim(U + W)m1 + 2 and dim(U ∩
W)m1 − 2. It follows that r′O(U ∨ W) + r′O(U ∧ W) 3> 2 = r′O(U) + r′O(W).HenceL′O(m1, s1; 2ν)
is not a geometric lattice when 1m1  2ν − 2. 
Theorem 2.5. Let 0m1  2ν − 1. Then
(i) L′R(m1, s1; 2ν) is a ﬁnite atomic lattice.
(ii) L′R(m1, s1; 2ν) is a geometric lattice if and only if m1 = 2ν − 1.
Proof. Clearly, L′R(m1, s1; 2ν) is a ﬁnite lattice with F(2ν)q as its minimal element.
For any F ∈ L′R(m1, s1; 2ν), deﬁne
r′R(F) =
{
2ν − m1 + 1, if F = ∅,
2ν − dim F , otherwise.
Then r′R is the rank function on L′R(m1, s1; 2ν).
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(i) Clearly, (2ν − 1)-dimensional ﬂats in ASG(2ν , Fq) are atoms of L′R(m1, s1; 2ν). By [5, Theo-
rem 8], any subspace with dimension m in L′R(m1, s1; 2ν) is a union of some atoms, where
m1 m 2ν − 1. It follows that L′R(m1, s1; 2ν) is a atomic lattice by Proposition 1.1.
(ii) By Theorem 2.3 and Proposition 1.1, there exist two (2ν − 1, ν − 1)-ﬂats F1, F2 such that F1 ∩
F2 = ∅. It follows that r′R(F1 ∨ F2) + r′R(F1 ∧ F2)> r′R(F1) + r′R(F2). HenceL′R(m1, s1; 2ν) is not
a geometric lattice whenm1 < 2ν − 1. 
3. The lattices L′′O(m2, s2; 2ν) and L′′R(m2, s2; 2ν)
By [5, Theorem 8] and Proposition 1.1, we have
Theorem 3.1. For 0m2  2ν − 1, L′′(m2, s2; 2ν) consists of ∅, F(2ν)q and all (m, s)-ﬂats in ASG(2ν , Fq)
satisfying 2sm ν + s and 0 s2 − sm2 − m.
Theorem 3.2. Let 0m2  2ν − 1. Then
(i) L′′O(m2, s2; 2ν) is a ﬁnite atomic lattice.
(ii) L′′O(m2, s2; 2ν) is a geometric lattice if and only if m2 = 0, 1 or 2ν − 1.
Proof. (i) For any two ﬂats F1, F2 ∈ L′′O(m2, s2; 2ν),
F1 ∨ F2 = ∩{F ∈ L′′O(m2, s2; 2ν)|F ⊇ F1 ∪ F2},
F1 ∧ F2 = F1 ∩ F2.
Therefore, L′′O(m2, s2; 2ν) is a ﬁnite lattice. By Theorem 3.1 all (0, 0)-ﬂats contained in L′′O(m2, s2; 2ν).
For any F ∈ L′′O(m2, s2; 2ν)\{∅}, F is a union of some (0,0)-ﬂats. It follows thatL′′O(m2, s2; 2ν) is a ﬁnite
atomic lattice with ∅ as its minimal element.
For any F ∈ L′′O(m2, s2; 2ν), deﬁne
r
′′
O(F) =
⎧⎪⎨
⎪⎩
0, if F = ∅,
m2 + 2, if F = F(2ν)q ,
dim F + 1, otherwise.
Then r
′′
O is the rank function on L
′′
O(m2, s2; 2ν).
(ii) It is a routine to show that both L′′O(0, 0; 2ν) and L′′O(1, 0; 2ν) are geometric lattices. Note that
L′′O(2ν − 1, ν − 1; 2ν) = L′O(0, 0; 2ν). So L′′O(2ν − 1, ν − 1; 2ν) is a geometric lattice by Theorem
2.4.
Nowsuppose that2m2  2ν − 2, byHuoandWan [8, Theorem7] thereexist a1-dimensional sub-
spaceW and a (m2 − 1)-dimensional subspace U such thatW ∨ U = F(2ν)q andW ∧ U = {0}. It fol-
lows that r
′′
O(W ∨ U) + r′′O(W ∧ U) = m2 + 3>m2 + 2 = r′′O(W) + r′′O(U). ThereforeL′′O(m2, s2; 2ν)
is not a geometric lattice when 2m2  2ν − 2. 
Theorem 3.3. Let 0m2  2ν − 1. Then
(i) L′′R(m2, s2; 2ν) is a ﬁnite atomic lattice.
(ii) L′′R(m2, s2; 2ν) is a geometric lattice if and only if m2 = 0.
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Proof. (i) Clearly, L′′R(m2, s2; 2ν) is a ﬁnite atomic lattice with F(2ν)q as its minimal element.
For any F ∈ L′′R(m2, s2; 2ν), deﬁne
r
′′
R(F) =
⎧⎪⎨
⎪⎩
0, if F = F(2ν)q
m2 + 2, if F = ∅,
m2 − dim F + 1, otherwise.
Then r
′′
R is the rank function on L
′′
R(m2, s2; 2ν).
(ii) Clearly, L′′R(0, 0; 2ν) is a ﬁnite geometric lattice. Now suppose thatm2  1. By Theorem 3.1 and
Proposition 1.1, there exist two (m2, s2)-ﬂats F1, F2 such that F1 ∩ F2 = ∅. It follows that r ′′R(F1 ∨ F2) +
r
′′
R(F1 ∧ F2)> r′′R(F1) + r′′R(F2). Hence L′′R(m2, s2; 2ν) is not a geometric lattice whenm2  1. 
4. The lattices LO(m1, s1;m2, s2; 2ν) and LR(m1, s1;m2, s2; 2ν)
By Theorems 2.3 and 3.1, we have
Theorem 4.1. Let 1m1 <m2  2ν − 1. Then L(m1, s1;m2, s2; 2ν) consists of ∅, F(2ν)q and all (m, s)-
ﬂats in ASG(2ν , Fq) satisfying
2sm ν + s, 0 s − s1 m − m1, 0 s2 − sm2 − m.
Theorem 4.2. Let 1m1 <m2  2ν − 1. Then LO(m1, s1;m2, s2; 2ν) is a ﬁnite atomic lattice, but is not
a geometric lattice.
Proof. Clearly, LO(m1, s1;m2, s2; 2ν) is a ﬁnite atomic lattice.
For any F ∈ LO(m1, s1;m2, s2; 2ν), deﬁne
rO(F) =
⎧⎪⎨
⎪⎩
0, if F = ∅,
m2 − m1 + 2, if F = F(2ν)q ,
dimF − m1 + 1, otherwise.
Then rO is the rank function on LO(m1, s1;m2, s2; 2ν).
By the proof of Theorem 2.4 (ii) LO(m1, s1;m2, s2; 2ν) is not a geometric lattice. 
Theorem 4.3. Let 1m1 <m2  2ν − 1. Then LR(m1, s1;m2, s2; 2ν) is a ﬁnite atomic lattice, but is not
a geometric lattice.
Proof. Clearly, LR(m1, s1;m2, s2; 2ν) is a ﬁnite atomic lattice.
For any F ∈ LR(m1, s1;m2, s2; 2ν), deﬁne
rR(F) =
⎧⎪⎨
⎪⎩
0, if F = F(2ν)q ,
m2 − m1 + 2, if F = ∅,
m2 + 1 − dimF , otherwise.
Then rR is the rank function on LR(m1, s1;m2, s2; 2ν).
By the proof of Theorem 3.3 (ii) LR(m1, s1;m2, s2; 2ν) is not a geometric lattice. 
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